Abstract. Let F : T → γ be a bounded measurable function of the unit circle T onto a rectifiable Jordan curve γ with the length |γ|, and let w = P [F ] be its harmonic extension to the unit disk U. By using the arc length parametrization of γ we obtain the following results: (i) If F is a quasi-homeomorphism and 1 ≤ p < 2, the L p -norm of the Hilbert-Schmidt norm of the gradient of w is bounded as follows:
) 1/p . (ii) If F is p-Lipschitz continuous and γ is Dini smooth, then the Jacobian of w is bounded in U by a constant C(p, γ). The first result is an extension of a recent result of Verchota and Iwaniec, and Martin and Sbordone, while the second result is an extension of a classical result of Martio where γ = T.
Preliminaries and statement of main results
Let γ be a Jordan curve and let T be the unit circle. A function F from T into γ is called a sense-preserving quasi-homeomorphism from F if it is the pointwise limit of a sequences of sense-preserving homeomorphisms from T onto γ (for this definition we refer to [3] ).
Let ω : [0, l] → R be a positive nondecreasing continuous function with ω(0) = 0. We will say that ω is Dini continuous if it satisfies the condition (1.1) l 0 ω(t) t dt < ∞.
For t > l we define ω(t) = ω(l).
A smooth Jordan curve γ with length l = |γ| is said to be Dini smooth if the derivative of its arc length parametrization g has the modulus of continuity ω which is Dini continuous. Observe that every smooth C
1,α
Jordan curve is Dini smooth. A function w is called harmonic in a region D if it has the form w = u + iv, where u and v are real-valued harmonic functions in D.
Let P (r, t) = 1 − r denote the Poisson kernel. Then every bounded harmonic function w defined on the unit disc U := {z : |z| < 1} has the following representation:
where z = re iτ and F is a bounded measurable function defined on the unit circle T = {z : |z| = 1}.
The Hilbert transform of a function χ is defined by the formula
for a.e. ϕ and χ ∈ L 1 (T). The facts concerning the Hilbert transform can be found in ( [11] , Chapter VII).
Assume that
if w τ and rw r are bounded harmonic, because rw r is the harmonic conjugate of w τ . Here and in the remainder of this paper we use the convention F (t) = F (e it ) and F (t) = ∂F ∂t (e it ). The harmonic Hardy space h p is defined as the space of (complex-valued) harmonic functions w on U such that
If w ∈ h p , then by [2, Theorem 6.13] the radial limit
exists for almost every e it in T and the boundary function F (e it ) is integrable on T. It is well known that
which implies the formula
, and let
we denote the mean Hilbert-Schmidt norm of D(w). Under the condition F ∈ L ∞ (T) we have the following result, which is an extension of a corresponding theorem of Martio [8] , where is treated the special case γ = T.
Concerning the L p -norm of the gradient of a harmonic extension of a homeomorphism F : T → γ of the unit circle T to the disk U, Verchota in [10] showed that the harmonic mapping w = P [F ] has a gradient in L p for all 1 ≤ p < 2, provided that γ bounds a convex or a starlike domain. Note that, by a classical theorem of Rado, Choquet and Kneser, this extension is necessarily a diffeomorphism if γ bounds a convex domain; see Chapter 3 of [4] . Recently Iwaniec, Martin and Sbordone in [7] obtained a very elegant proof of this result for the case γ = T, providing quite explicit constants for the norms. These problems are interesting especially in light of the recent discovery of their connection with the problem of minimizing the mean distortion of extensions of homeomorphisms of the circle; see [1] .
In this paper we extend these results to the weak homeomorphisms between the unit disk and rectifiable Jordan curves as follows: Theorem 1.2. Let F : T → γ be a weak sense-preserving quasi-homeomorphism of the unit circle T onto the rectifiable Jordan curve γ with the length |γ|. Let
where D(w) is the Hilbert-Schmidt norm given by
The inequality (1.5) makes sense only in the case when the integral on the righthand side converges. It converges if for example Φ(t) = t p for p < 2. The case when γ is the unit circle is treated in [7] . However, although our method is similar, our proof gives a better inequality even for the unit circle, due to some nonsharp estimations in [7] .
By using Theorem 1.2 we obtain the following isoperimetric type inequality: 
.
In particular for p = 1,
Furthermore for all p ∈ [1, 2),
. 2 dxdy can diverge, and therefore the case p = 2 is excluded; see [10] and also our Example 2.3 below. However, if w is conformal, or more generally, if w is quasiconformal harmonic, then we have a similar inequality for p = 2; see Lemma 2.2 below. If γ is smooth enough and w is quasiconformal harmonic, then we obtain the global boundedness of the Hilbert-Schmidt norm D(w) in U; see [5] and [6] and the references therein for recent developments of the theory of quasiconformal harmonic mappings.
In [1] for γ = T the inequality
is obtained. For this special case, our inequality reduces to the better inequality
Proofs
Proof of Theorem 1.1. Let g be an arc length parametrization of γ with g(0) = F (0). Assume that |γ| = l. Since F is Lipschitz, there exists a Lipschitz function
Since |g (s)| = 1, there exists a continuous function θ :
From formula (1.2), for an absolutely continuous function F , by integration by parts we get for every z = re iϕ ∈ D,
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Im(F (x)F (y)) sin(x − ϕ)P (r, x)P (r, y)dxdy
where ω γ is the modulus of continuity of g :
Assume without loss of generality that ϕ = 0. It follows that
Therefore, since |x − y| ≤ |x| for |y| ≤ 2|x| and |x − y| ≤ |y| for |y| ≥ 2|x|, by taking
where
We used the fact that
Further,
Let us show that the function
is bounded by an absolute constant C. First of all for |x| ≤ π we have |x| ≤ π sin |x| 2 , and therefore (1 − r)|x|
If for example r > 1/2, then from (2.5) it follows that
If r ≤ 1/2, then by using the inequalities ν ≤ 2 1−r and log(1+rν 2 ) ≤ rν 2 , we obtain a similar inequality for
Since U is simply connected, then there are two analytic functions k and h defined on U such that w has the representation w = h + k. Then
From (2.7), (2.8) and
On the other hand, since ω γ (s) = ω γ (l) for s > l we obtain (2.10)
From (2.6), (2.9) and (2.10) we obtain the desired estimation.
Proof of Theorem 1.2. As in the proof of Theorem 1.1, let g be an arc length parametrization of γ and let h and k be two analytic functions defined in U such that w = h + k. Since F is a quasi-homeomorphism, there exists a nondecreasing function f :
Assume first that f is smooth. Thus f defines the probability measure
By (2.7) and (2.8) we obtain that
By using the Jensen inequality we obtain that
Integrating the previous inequality over the unit disk we obtain that (2.13)
By applying Fubini's theorem we have that (2.14)
Introducing the change of variables w = ze −it it follows that
Therefore by (2.13) we arrive at the inequality (2.15)
As D(w) = |h | 2 + |k | 2 , by using (2.11) and (2.12) we obtain
By using (2.16) and the preceding previous calculations we obtain the inequality (1.5).
When f is not smooth, then as in [10, p. 893] , it can be mollified by using smooth and symmetric mollifiers f n so that monotonicity and periodicity are retained. Then the functions w and D(w) are pointwise limits of the sequences w n := P [g(f n )] and D(w n ), respectively. The conclusion follows by using Fatou's lemma.
Proof of Corollary 1.3. We have to solve the integral
for the convex function Φ(s) = s p , where p ∈ [1, 2). Let us introduce the change of variables z = 1 + re it . We obtain that z ∈ U if and only if t ∈ [−π/2, π/2] and r ≤ 2 cos t. The Jacobian of the change of variables is r. Therefore
This yields (1.6) and consequently (1.7). To prove (1.8) we estimate the quantity
Take the convex function h(s) = s 1 2−p and apply the Jensen inequality to I/π. We obtain
It follows that
This together with (1.6) implies (1.8).
Remark 2.1. The following lemma and Example 2.3 suggest that the inequality (1.7) could be sharp. 
The inequality (2.17) is attained for w(z) = z (κ = 0). Also, it is quite easy to check that for r < 1, rU D(w) 2 = 4π log 1 − r 2 1 + r 2 , which shows that the assumption p < 2 for quasi-homeomorphisms in Corollary 1.3 is essential even for real harmonic functions with boundary data of bounded variation. This has been shown in [10] for circle homeomorphisms.
